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Abstract—This paper presents a compara-
tive study of state-of-the-art neurocomput-
ing methods applied to several benchmark
time series, including the white dwarf light
curve. The goal is to determine which of the
predictive models work best for data from
natural sources. The emphasis is on using a
unified methodology for selection of the best
architectures among those used for compar-
ison. The specific architectures considered
are a Finite Impulse Response (FIR) network
and three types of layered recurrent net-
works: Jordan, Elman, and extended Elman.
An enhancement of a FIR network allowing
selection of weights with relevant time de-
lays only is also presented. Our approach is
applied to two benchmark prediction prob-
lems: the Wolfer sunspot number data and
a white dwarf light curve. Results show that
the best predictions are obtained using a FIR
neural network.
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1. INTRODUCTION

Time series prediction is one of the most im-
portant scientific tasks. Especially challeng-

ing are situations where an underlying model
generating observed data is not known. So-
lutions in such cases can be provided by
non-parametric regression methods, of which
neural network (NN) based predictors are a
large subclass. A number of different NN ar-
chitectures and learning methods have been
applied with varying degrees of success to the
problem of predicting future values of vari-
ous time-series. However, there still exists a
need for satisfactory guidelines when choos-
ing one approach over another for a particu-
lar problem.

The objective of NN predictor training is to

minimize the cost function:
T NL
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where e (7) = di(7) — or(7) is the differ-
ence between desired and calculated values
at output k£ at time step 7, and the sums
are taken over all 7" time instants in the
training sequence and over all N* outputs.
The simplest method of adapting weights to-
wards the minimum of E' is the steepest de-
scent method in which weight movement is
in the direction of the negative error gradient
scaled with a “learning rate” n:

Awij = —anij E.

Weight adaptation in this paper is performed
with a scaled conjugate gradient method [1]
which significantly improves speed and con-
vergence of training as compared to standard
techniques. Batch mode adaptation in which



the weights are modified at the end of each
training epoch is utilized. This has the prop-
erty of using the exact gradient as opposed to
stochastic adaptation which performs weight
updates after each pattern presentation and
uses a gradient approximation.

2. TIME SERIES MODELING
ARCHITECTURES

ARMA models

ARMA methodology as developed by Box
and Jenkins [2] dominated the field of time
series analysis only until recently.  An
ARMA(M, N) model describes a time series

{z.} as

M N
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where a,, are AR (autoregressive) coeffi-
cients, b, are MA (moving average) coeffi-
cients, and ¢; values are generated by a noise
source with assumed distribution. Values M
and N are respectively AR and MA compo-
nent orders. Example AR(2) and MA(2) pre-
dictors are shown in Figure 1.

FIR neural network

The Finite Impulse Response (FIR) network,
proposed in [3] is a modification of the ba-
sic multilayer feedforward network in which
each weight is replaced by a FIR linear filter.
Output of a single filter

T
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n=0
corresponds to the moving average compo-
nent of the ARMA model in Equation (1).
This modification is implemented by sub-
stituting each scalar weight wﬁj connecting
the output of neuron j in layer [ to the in-
put of neuron ¢ in layer [ + 1 by a vector
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Fig. 1. Example linear predictors: a. AR(3);
b. MA(2).
number of time lags in layer [. Output of

each neuron can then be described by:

it (r) = fi(si™(7))

where
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N'is a number of neurons in layer [, and f;
is an activation function of neuron .

A NN structure most commonly used for pre-
diction is a multilayer perceptron with time
lagged inputs. Its generalization produces
a Time Delay Neural Network (TDNN) in
which both inputs and hidden layer outputs
are buffered several time steps and then in-
put to following layers. The FIR network is
functionally equivalent to a TDNN but uses a
different weight update method.

Calculation of error gradient in a FIR net-
work is performed by means of “temporal



backpropagation” [3]:
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where
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and
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The original FIR network has weights for
each time lag from 0 to T in layer [. This
leads to a large number of weights when large
time lags are used to allow for the depen-
dence of the current output on events from
the past which is required in the case of a
time series with long term periodicity. Net-
works with too many weights usually dis-
play poor generalization capabilities unless
additional complexity control techniques like
early stopping [3] or pruning are used.

We propose a modification of a FIR NN archi-
tecture in which there are weights at desired
time lags only and denote such networks by
FIR(L1, Lo) where L; is a of set time lags em-
ployed in layer 7. In this manner only impor-
tant time lags are present in the architecture
while unnecessary time lags are omitted.

Partially Recurrent Neural Networks

Partially recurrent networks [4] (also known
as Elman-Jordan networks) are a subclass
of recurrent networks. They are multilayer
perceptron networks augmented with one or
more additional context layers storing out-
put values of one of the layers delayed by
one step and used for activating this or some
other layer in the next time step. There
are several types of these networks shown
in Figure 2 which differ in the type of feed-
back used. The Jordan network has context

Fig. 2. Examples of partially recurrent NNs with
two hidden neurons: a. Jordan; b. Elman; c. ex-
tended Elman (dashed lines represent unit de-
lays, small circles are linear context units).

units which store delayed output values and
present these as additional inputs to the net-
work, while Elman NN has connections from
a hidden layer to itself. An extended Elman
network is an Elman network with an addi-
tional output-to-output feedback.

The Elman network can learn sequences that
cannot be learned with the Jordan network
(which is a similar architecture with a con-
text layer fed by the output layer) since net-
works with only output memory cannot re-
call inputs that are not reflected in the out-
put.

Several algorithms for calculation of error
gradient in general recurrent networks exist.
Backpropagation Through Time (BPTT) [5]
is an exact and fast off-line training method.
Its only relative disadvantage is substantial
memory consumption as a history of network
activations for all inputs has to be stored.



According to BPTT, the error gradient is cal-
culated as follows:

Vo, B = Z 0 (1) (1 —1)

where !

e, (n) filsy (7). T =0,
=\ Nk, 0<r<T
and
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Since architectures of Elman-Jordan net-
works are specific, simplified realizations of
general recurrent networks, a modified ver-
sion of this algorithm is used in which a pat-
tern propagates from the input to the output
layer in one time step.

3. NETWORK SIZE SELECTION
Sequential Network Construction

No general guidelines exist as to the size of
NN hidden layers. This limitation leads to
time consuming trial-and-error procedures.
To circumvent this disadvantage we use a
more systematic way of finding good archi-
tectures.

A sequential network construction (SNC) al-
gorithm [6] is employed to select an appropri-
ate number of hidden neurons for each of the
NN models considered. First, a network with
a small number of hidden neurons is trained.
Then a new neuron is added with weights
randomly initialized and the network is re-
trained with changes limited to these new
weights. Next all weights in the network
are retrained. This procedure, repeated until
the number of hidden neurons reaches a pre-
set limit, substantially reduces training time
in comparison with time needed for train-
ing of new networks from scratch. More im-
portantly, it creates a nested set of networks

having a monotonously decreasing training
error and provides some continuity in the
model space which makes a prediction risk
minimum more easily noticeable.

Prediction Risk Estimation

The quality of a predictor can be defined as
its ability to predict new observations. A
simple way to estimate prediction error when
enough data is available is to divide it into
two sets and use only one of them for train-
ing. The prediction error on the withheld
(test) set is then an estimate of the predic-
tion risk.

When data is scarce, techniques of sample re-
use can be applied. The best known method
is cross-validation; that is, splitting the data
into several disjoint subsets of roughly equal
size, leaving one subset out and finding the
predictor which minimizes the error for this
training set. This procedure is repeated by
putting aside and finding the test error for
each subset in turn. The average value of
these errors is the cross-validation average
squared error.

A modification of this method for nonlin-
ear models is Nonlinear Cross Validation
(Nov) [6]. The existence of several local
minima in the training error surface causes
predictors found in the process of cross-
validation to correspond to different minima.
To estimate the prediction risk associated
with a minimum in which the predictor will
actually work, the standard cv procedure
can be modified by using a network trained
on all available data rather than random ini-
tial weights as a starting point for retraining
on successive subsets.



4. EXAMPLES AND DISCUSSION

The presented methodology has been ap-
plied to two time series: Wolfer sunspot
numbers and the white dwarf light curve.
The task is to predict future values in an
iterative (multistep) mode, that is, using
the values predicted in the previous time
steps as inputs for the subsequent predic-
tions. Some publications describe only one-
step-ahead prediction or reusing a validation
set as a test set which sometimes results in
artificially optimistic predictions.

Data is first normalized by a linear transfor-
mation z2™ = (z, — Z)/o, to zero mean
and unit variance. Weights are initialized on
a neuron-by-neuron basis by setting them to
random numbers from uniform distribution
with range (—1/F;, 1/F;) where F; is the fan-
in (the total number of inputs) of neuron ¢
in the network.

NCV is used for calculating the prediction
risk using a non-iterative mode which gave
better model quality estimates. Iterated
predictions during validation on different
data subsets exhibited a large sensitivity to
weight changes.

Prediction quality is measured by means of
the average relative variance

Yo (@ — 3)?

(2, — 7)?

which is also known as normalized mean
squared error (NMSE). A value of arv = 0 in-
dicates perfect prediction while a value of 1
corresponds to simply predicting the aver-
age.

arv =

All simulations on time series studied were
run ten times, starting with different initial
conditions. Results are averaged to reduce
the influence of model variability on network
size selection by introducing a possibility of
escaping local minima.

Wélfer Sunspot Data

The annual Wolfer sunspot number time se-
ries is probably the most often cited time
series and has therefore been selected for
benchmarking in this paper. The values
for the years 1770-1869 are used as the
training/cross-validation set and the interval
1870-1889 as the test set.

In the first step a linear ARMA model is fit
to the data. Box and Jenkins [2] identified
the optimal model for this data as AR(2);
however, they also stated that this is not a
particularly good fit. A lack of fit test using
the first ten residual autocorrelations results
in a p-value of 0.958. This is the probability
that the null hypothesis that the () quantity
has an approximately chi-squared distribu-
tion with 8 degrees of freedom should be re-
jected and suggests that AR(2) model does
not represent the data adequately. Analysis
of the residuals shows a peak at time lag 11
which corresponds to the main periodicity of
the sunspot series. An AR model with three
time lags 1, 2 and 11 gives significantly bet-
ter results with a p-value of 0.891. Predic-
tion for 20 years ahead gives arv = 0.445
and 0.252, for the above two models, respec-
tively. Figure 3 shows the prediction results
with 95% probability limits.

The best FIR network is found by using the
SNC methodology for over a dozen taps con-
figurations chosen heuristically on the ba-
sis of their performance in the ARMA model
and strong periodicity of period 11 observ-
able in the time series. Architectures consid-
ered are limited to single hidden layer net-
works because of their proven universal ap-
proximation capabilities and to avoid fur-
ther increasing search complexity. A net-
work with one hidden neuron is trained and
tested for each configuration using NCV, then
it is augmented by an additional neuron.
This continues until a network with five hid-
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Fig. 3. Prediction results with AR model with time
lags 1, 2, and 11 (prediction starts at the year
1870 and is shown by a thick line; dashed lines
show 95 percent probability limits).
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Fig. 4. Prediction results for sunspot serivs:
a. FIR({0,11},{0,1}) with two hidden neurons,
(arv = 0.115); b. extended Elman with 2 hidden
neurons (arv = 0.165).

den neurons is constructed. The lowest NCV
attained is for the FIR({0,11},{0,1}) net-
work with two hidden neurons. For the par-
tially recurrent networks this process is re-
peated without the step of tap delay selec-
tion. The best performance is exhibited by
the extended Elman network with two hid-
den neurons. The results of prediction for
both networks are shown in Figure 4.
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Fig. 5. An illustration of bias-variance trade-off
for extended Elman network trained on sunspot
data (see text).

The extended Elman network selection pro-
cess for sunspot prediction (Figure 5) can
serve as an illustration of a bias-variance
trade-off [7]. As the number of hidden neu-
rons is increased, the training error decreases
which shows that the model is becoming less
biased and is able to represent the given data
set increasingly well. At the same time the
variance of the cross-validation error over a
set of networks trained with different initial
conditions is increasing indicating that the
architecture acquires more degrees of free-
dom and we run a risk of overfitting. A net-
work corresponding to the minimum of the
cross-validation error NCV (two hidden neu-
rons) is chosen as the best predictor and this
assumption is confirmed by the arv having
a minimum at the same network size.

White Dwarf Light Curve

This data set is a series of measurements of
the brightness changes of the white dwarf
star PG 1159-035 obtained as part of the
Whole Earth Telescope Project. It was
submitted as one of the data sets for the
Santa Fe Institute prediction competition. It
consists of 17 segments of varying lengths of
which samples 200 to 999 from segment 14
are arbitrarily chosen for further analysis
(mainly to avoid missing sections of data in
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Fig. 6. A section of white dwarf light curve used in
prediction experiments.
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Fig. 7. Prediction results for AR model with time
lags 1, 2, 48, 50, and 51 (arv = 0.253, predic-
tions start at sample 950; dashed lines show 95
percent probability limits).

which linear stretches were inserted). The
prediction task is to predict the samples 950
to 999 using previous samples.

This time series is very noisy (see Figure 6).
Nevertheless Fourier analysis of the data re-
veals that there is a strong peak at 2mHz
which corresponds to a period of 50 samples.
Using this time lag proves beneficial in both
the ARMA model and a FIR network. This is
shown in Figure 7.

We found our reduced FIR architecture to
be reasonably effective (Figure 8a) in pre-
dicting of the white dwarf light curve. The
best network found had hidden layer weights
at lags 0 and 49 which corresponds to the
shortest period. The output layer had time
lags 0 and 1 which allows representation of
some period instability as well. The hidden
layer can be then thought of as a type of sea-
sonal differencing operator known from lin-
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Fig. 8.  Prediction results: a. FIR({0,49},{0,1})
with one hidden neuron, (arv = 0.287); b. ex-
tended Elman with 3 hidden neurons (arv =
0.325).

ear models.

The results of extended Elman network pre-
diction, which again performed best among
recursive networks, are shown in Figure 8b.

5. CONCLUSIONS

The results for different predictors are sum-
marized in the Table I. They are valid for
the methodology explained in the paper.

ARMA models are tuned to produce the best
results on the test set and as such, their pre-
dictions cannot be compared directly to neu-
ral network predictions which underwent a
blind test. Relatively good performance of
the FIR networks shows the importance of
using introductory data analysis for suggest-
ing the initial optimum lags. The fact that
partially recurrent networks scored worse in
this comparison can be at least partially at-
tributed to the fact that in both cases long
term memory is required on the scale of 11
or 50 time steps, and also to problems with
initialization of network state using short
data segments resulting from splitting the



TABLE 1
BEST PREDICTORS IN EACH CLASS AND THEIR arv PERFORMANCE.

. Sunspots White Dwarf
Architecture - :

size arv size arv
ARMA T AR({1,2,11}) 0.252 | AR({1,2,48,50,51}) | 0.253
FIR FIR({0,11},{0,1}), 2 | 0.115 | FIr({0,49},{0,1}), 1 | 0.287
Jordan 1 0.575 3 1.34
Elman 3 0.348 3 0.597
Extended Elman 2 0.162 3 0.325

' arv was measured for the validation set.

data series for cross-validation purposes.

“Inverse pruning” applied here in the form of
SNC algorithm, that is starting with a small
architecture and then growing to incorporate
more and more time series features, is less
computationally expensive and provides for
a good statistical interpretation. Our FIR
network modification makes it possible to
use the above methodology for this architec-
ture.

Future research directions include taking
into account the effect of external recurrence
in iterative predictions for derivative compu-
tation and the use of global minimum search
techniques which should allow better predic-
tions.
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