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Abstract

This paper introduces an application of the Sequen-
tial Network Construction ( snc) method to select the
size of several popular neural network predictor archi-
tectures for various benchmark training sets. The spe-
cific architectures considered are a fir network and the
partially recurrent Elman network and its extension,
with context units also added for the output layer. We
consider an enhancement of a fir network in which
only those weights having relevant time delays are uti-
lized. Bias-variance trade-off in relation to the predic-
tion risk estimation by means of Nonlinear Cross Val-
idation ( ncv) is discussed. The presented approach
is applied to the Wölfer sunspot number data and a
Mackey-Glass chaotic time series. Results show that
the best predictions for the Wölfer data are computed
using a fir neural network while for Mackey-Glass
data an Elman network yields superior results.

1. Introduction

A number of different nn architectures and learning
methods have been applied to the time series prediction
problem with varying degrees of success. Both Elman
and fir networks were previously used for forecasting
[1, 2] with the latter having a distinction of being the
winning entry in a Santa Fe competition [3]. However,
there still exists a need for satisfactory guidelines when
choosing a model size for a particular prediction prob-
lem. In this paper we propose an application of the
Sequential Network Construction (snc) [4] method to
neural network predictor architecture selection.

The objective of nn predictor training is to mini-
mize the cost function E =

∑T
τ=1

∑NL

k=1 e
2
k(τ) where

ek(τ) = dk(τ)− ok(τ) is the difference between desired
and calculated values at output k at time step τ . The
sums are taken over all T time instants in the training
sequence and over all NL outputs, respectively. The

simplest method of adapting weights towards the min-
imum of E is the steepest descent method in which
weights are changed in the direction of the negative er-
ror gradient scaled with a “learning rate” η according
to the equation ∆wij = −η∇wijE. Weight adapta-
tion in this paper is performed with a scaled conju-
gate gradient method [5] which significantly improves
speed and convergence of training as compared to stan-
dard techniques. Weights are modified at the end of
each training epoch (i.e., in batch mode). This is op-
posed to stochastic adaptation which performs weight
updates after each pattern presentation and thus repre-
sents only an approximation to the true gradient. This
consideration is especially important in case of net-
works with an internal memory where algorithms dif-
fering in weight update order can exhibit significantly
different performance [6].

2. Time Series Modeling Architectures

2.1. FIR neural network

The Finite Impulse Response (fir) network as pro-
posed in [2] is a modification of the basic multilayer
feedforward network in which each weight is replaced
by a fir linear filter. Output of a single filter

y(k) =
T∑
n=0

w(n)x(k − n)

corresponds to the moving average component of the
arma model [7]. This modification is implemented
by substituting each scalar weight wlij connecting the
output of neuron j in layer l to the input of neuron i
in layer l+ 1 by a vector wl

ij = [wlij,0, w
l
ij,1, . . . , w

l
ij,T l ]

where T l is the number of time lags in layer l. Output
of each neuron can then be described by xl+1

i (τ) =



fi(sl+1
i (τ)) where

sl+1
i (τ) =

Nl∑
i=1

T l∑
k=0

wlijk(n)xj(τ − k),

N l is a number of neurons in layer l, and fi is an acti-
vation function of neuron i.

A nn structure commonly used for prediction is a
multilayer perceptron with time lagged inputs. Its
generalization produces a Time Delay Neural Network
(tdnn) in which both inputs and hidden layer outputs
are buffered several time steps and then input to follow-
ing layers. The fir network is functionally equivalent
to a tdnn but uses a different weight update method.

Calculation of the error gradient in a fir network
is performed by means of “temporal backpropaga-
tion” [2]:

∇wl
ijk
E =

T∑
τ=k

δl+1
j (τ)xlik(τ − k)

where the local gradient for neuron j in layer l is

δlj(τ) =

{
−2ej(τ)f ′j(s

L
j (τ)), l = L,

f ′j(s
l
j(τ))γlj(τ), 1 ≤ l ≤ L− 1

and

γlj(τ) =
N l+1∑
m=1

T l−1∑
k=0

wljmkδ
l+1
m (τ + k).

The original fir network has weights for each time
lag from 0 to T l in layer l. This leads to a large num-
ber of weights when large time lags are used to al-
low for the dependence of the current output on events
from the past. This is required in the case of a time
series with long term periodicity. Networks with too
many weights usually display poor generalization capa-
bilities unless additional complexity control techniques
like early stopping [2] or pruning are used.

We propose a modification of a fir nn architecture
in which there are weights at desired time lags only.
Denote such networks by fir(L1, L2) where Li is a of
set time lags employed in layer i. In this manner only
important time lags are left in the architecture while
unnecessary time lags are omitted. The detection of
important time lags is left to heuristics.

2.2. Partially Recurrent Neural Networks

Partially recurrent networks [8] (also known as
Elman-Jordan networks) are a subclass of recurrent
networks. These are multilayer perceptron networks
augmented with one or more additional context layers
which store output values of one of the layers delayed
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Figure 1. Examples of partially recurrent nns with
two hidden neurons: a. Elman; b. extended Elman
(dashed lines represent unit delays, small circles are
linear context units).

by one step. These layers are used for activating this
or some other layer in the next time step. Two of sev-
eral types of these networks which differ in the type of
feedback used are shown in Figure 1. The Elman net-
work has context units which store delayed hidden layer
values and present these as additional inputs to the
network, and an extended Elman network is an Elman
network with an additional output-to-output feedback.

Several algorithms for calculation of the error gra-
dient in general recurrent networks exist. Backpropa-
gation Through Time (bptt) [9] is an exact and fast
training method. Its only relative disadvantages are
substantial memory consumption since a history of net-
work activations for all inputs has to be stored and
that it is not suitable for on-line training. According
to bptt, the error gradient is calculated as follows:

∇wikE =
T∑
τ=1

δi(τ)xk(τ − 1)

where the local gradient for neuron j

δj(τ) =

{
−2ej(τ)f ′j(sj(τ)), τ = 0,
f ′j(sj(τ))γlj(τ), 0 < τ < T

and

γlj(τ) = −2ej(τ) +
N l∑
l=1

wljδl(τ + 1).

Since architectures of Elman networks are specific,
simplified realizations of general recurrent networks, a



modified version of bptt algorithm is used in which a
pattern propagates from the input to the output layer
in one time step.

3. Network Size Selection

No general guidelines are available in the technical
literature as how to select the sizes of nn predictors
hidden layers. This limitation leads to time consuming
trial-and-error procedures. To circumvent this disad-
vantage we use a more systematic manner of determin-
ing appropriate architectures. A sequential network
construction (snc) algorithm [4] is employed to select
the number of hidden neurons for each of the nn mod-
els considered. First, a network with a small number
of hidden neurons is trained. Then a new neuron is
added with weights randomly initialized. The network
is retrained with changes limited to these new weights.
Next all weights in the network are retrained. This
procedure, repeated until the number of hidden neu-
rons reaches a preset limit, substantially reduces train-
ing time in comparison with time needed for training of
new networks from scratch. More importantly, it cre-
ates a nested set of networks having a monotonously
decreasing training error and provides some continu-
ity in the model space which makes a prediction risk
minimum more easily noticeable.

The quality of a predictor can be defined as its abil-
ity to predict novel observations. A simple way to es-
timate prediction error when sufficient data is avail-
able is to divide it into two sets and use only one of
them for training. The prediction error on the with-
held (test) set is then an estimate of the prediction
risk. When data is scarce techniques of sample re-use
can be applied. The best known method here is cross-
validation, requiring splitting the data into several dis-
joint subsets of roughly equal size, disregarding one
subset and finding the predictor which minimizes the
error for this training set. This procedure is repeated
by putting aside and finding the test error for each
subset in turn. The average value of these errors is the
cross-validation average squared error. The existence
of several local minima in the training error surface for
nonlinear models causes predictors found in the process
of cross-validation to correspond to different minima.
To estimate the prediction risk associated with a min-
imum in which the predictor will actually perform, a
modification of the standard cv procedure called Non-
linear Cross Validation (ncv) [4] can be applied. It
uses weights of a network trained on all available data
rather than random initial weights as a starting point
for retraining on successive subsets.

4. Examples and Discussion

The presented methodology has been applied to
two time series: the Wölfer sunspot numbers and the
Mackey-Glass chaotic time series. The task is to pre-
dict future values in an iterative (multistep) mode, that
is, using the values predicted in the previous time steps
as inputs for subsequent predictions.

Data is first normalized by a linear transformation
xnorm
τ = (xτ − x̄)/σx to zero mean and unit vari-

ance. Weights are initialized on a neuron-by-neuron
basis by setting them to random numbers from a uni-
form distribution with range (−1/Fi, 1/Fi), where Fi
is the fan-in (the total number of inputs) of neu-
ron i in the network. Prediction quality is mea-
sured by means of the average relative variance arv =∑T
τ=1(xτ − x̂τ )2/

∑T
τ=1(xτ − x̄)2 which is also known

as normalized mean squared error (nmse). A value
of arv = 0 indicates perfect prediction while a value
of 1 corresponds to simply predicting the average. We
calculate arv on a separate withheld test set to avoid
artificially optimistic estimates resulting from the fact
that the chosen architecture is optimized specifically to
perform well on the validation set.

All simulations of the studied time series were per-
formed ten times, each time beginning with different
initial conditions. Model selection results were aver-
aged to reduce the influence of model variability on
network size selection by introducing the possibility of
escaping local minima.

4.1. Wölfer sunspot data

The annual Wölfer sunspot number time series is
probably the most often cited time series and has
therefore been selected for benchmarking in this pa-
per. The values for the years 1770–1869 are used as
the training/cross-validation set and the interval 1870–
1889 as the test set.

In the first step a linear arma model is fit to the
data. Box and Jenkins [7] identified the optimal model
for this data as ar(2); however, they also stated that
this is not a particularly good fit. Analysis of the resid-
uals shows a peak at time lag 11 which corresponds
to the main periodicity of the sunspot series. An ar
model with three time lags 1, 2 and 11 gives better re-
sults. A prediction for 20 years ahead gives arv = 0.445
and 0.252 for the above two models respectively.

The best fir network is found by using the snc
methodology for over a dozen tap configurations cho-
sen heuristically on the basis of their performance in
the arma model and the strong period 11 periodicity
observable in the time series. Architectures considered
are limited to single hidden layer networks because of
their proven universal approximation capabilities and
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Figure 2. Prediction results for sunspot series:
a. fir({0, 11}, {0, 1}) with two hidden neurons, arv = 0.115;
b. extended Elman with 2 hidden neurons, arv = 0.165
(prediction starts at year 1870 and is shown by a thicker
line).

to avoid further increasing search complexity. A net-
work with one hidden neuron is trained and evaluated
for each configuration using ncv and then augmented
by an additional neuron. This continues until a net-
work with five hidden neurons is constructed. The low-
est ncv attained is for the fir({0, 11}, {0, 1}) network
with two hidden neurons. For partially recurrent net-
works this process is repeated without the step of tap
delay selection. Optimal performance is exhibited by
the extended Elman network with two hidden neurons.
The results of prediction for both networks are shown
in Figure 2.

The extended Elman network selection process for
sunspot prediction (Figure 3) can serve as an illustra-
tion of a bias-variance trade-off [10]. As the number
of hidden neurons is increased, the training error de-
creases which shows that the model is becoming less
biased and is able to represent the given data set in-
creasingly well. At the same time the variance of the
cross-validation error over a set of networks trained
with different initial conditions is increasing indicating
that the architecture acquires more degrees of freedom
and we run a risk of overfitting. A network correspond-
ing to the minimum of the cross-validation error ncv
(two hidden neurons) is chosen as the best predictor
and this assumption is confirmed by the arv having a
minimum at the same network size.
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Figure 3. An illustration of bias-variance trade-off for ex-
tended Elman network trained on sunspot data (see text).

4.2. Mackey-Glass chaotic time series

This data set is a solution of the Mackey-Glass
delay-differential equation

ẋ(t) = −bx(t) +
ax(t−∆)

1 + x(t−∆)c

where ∆ = 30, a = 0.2, b = 0.1, c = 10, initial con-
ditions x(t) = 0.9 for 0 ≤ t ≤ ∆, and sampling rate
τ = 6. The training set consists of the first 500 sam-
ples. Two test sets consisting of the next 100 and 150
samples are chosen because several methods perform
very well on the first standard set [8] and extending
the prediction horizon makes the architecture compar-
ison more revealing.

arma models have exhibited rather poor perfor-
mance for this time series since the data is nonlinear.
The best predictor’s output follows the oscillations for
several “periods” and then slowly decays to the mean
of the series.

Much better results are obtained using both Elman
and fir networks. For the first 100 steps the discrep-
ancies between real and predicted outputs as measured
by the arv100 index are very small. At about 120 steps
and later the predictions become worse with the El-
man network producing more meaningful results. Pre-
diction error plots for the fir and Elman networks are
shown in Figure 4.

5. Conclusions

The results for different predictors are summarized
in Table 1. They are valid for the methodology pre-
sented in the paper. arma models are tuned to pro-
duce the best results on the test set and as such, their
predictions cannot be compared directly to neural net-
work predictions which underwent a blind test on with-
held data.

“Inverse pruning” in the form of the snc algorithm,
that is starting with a small architecture and then



Table 1. Best predictors in each class and their arv performance.

Architecture
Sunspots Mackey-Glass

size arv size arv (arv100)
arma † ar({1, 2, 11}) 0.252 ar({19}) 0.874 (0.832)
Elman 3 0.348 14 0.214 (0.00408)
Extended Elman 2 0.162 10 0.979 (0.133)
fir fir({0, 11}, {0, 1}), 2 0.115 fir(6, 2), 3 0.447 (0.0185)

† arv was measured for the validation set.
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Figure 4. Prediction error plots: a. fir(6, 2) with three hidden
neurons, (arv = 0.447); b. Elman with 14 hidden neurons
(arv = 0.214).

growing to incorporate more and more time series fea-
tures, has been proposed in this paper. It is less compu-
tationally expensive and provides a statistical interpre-
tation validating results for different models. Our fir
network modification enables reduction of the number
of model parameters while retaining this architecture’s
capability to use time lags reaching far into the past.

Possible extensions of this research include taking
into account the effect of external recurrence in iter-
ative predictions for derivative computation and the
use of global minimum search techniques which should
enable better predictions.
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