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Abstract—In this paper we introduce a novel algo-
rithm for computation of the exact error gradient for a
gamma network with an arbitrary feedforward topol-
ogy. An approximate algorithm with reduced compu-
tational complexity referred to as Truncated Temporal
Backpropagation is also developed. Time series predic-
tion experiments using Mackey-Glass chaotic time se-
ries show improved training convergence for our algo-
rithm. The importance of including additional terms
in the gradient calculation is demonstrated by illus-
trating averaged synapse impulse responses for differ-
ent degrees of truncation and calculating the gradient
error in the estimated model introduced by the ap-
proximate method.

I. INTRODUCTION

Gamma neural networks are feedforward neural net-
works with commonly used scalar synapses replaced
by linear filters. This gives them the capability of
performing dynamic mappings which depend on past
input values, making them suitable for time series
prediction, nonlinear system identification, and signal
processing applications. As of yet no algorithms for
calculating the exact gradient in gamma networks have
been published. In this paper the algorithm which en-
ables the exact calculation of gradient for a gamma
neural network is introduced. Our method is based
on an algorithm developed by Wan [1] referred to as
Temporal Backpropagation.

A general network architecture and the notation
used in the paper are introduced in Section II. Sec-
tion III presents the new algorithm. Section IV de-
scribes the results of time series prediction experiments
using Mackey-Glass chaotic time series. Finally, con-
clusions and future work directions are presented.

II. NETWORK ARCHITECTURE

We use a general feedforward neural network (fnn)
as our network architecture. Neurons in such a net-
work form an oriented acyclic graph. The general net-

work structure is static (memoryless) since there are
no global recursive connections. As a result neurons
can be arranged so that each neuron’s inputs originate
only at the outputs of previous neurons. This general-
izes a multilayer feedforward neural network (mfnn)
which has neurons arranged in layers with connections
only between neurons in consecutive layers.

Each neuron performs two calculations: first, it
sums the output values yji(t) of the incoming synapses
to calculate the activation value (“net” value)

aj(t) =
∑
i∈inj

yji(t).

of a neuron. inj denotes a set of neurons connected to
the input of neuron j. Unit bias is realized by means
of a “bias synapse” which supplies a constant value
yji(t) = bji to the summation node of a neuron. Sec-
ond, a nonlinear function fj(·) is applied to aj(t) yield-
ing an output value:

zj(t) = fj(aj(t)).

In a gamma network each synapse is a gamma filter.
Gamma filters are a particular instance of a general-
ized tapped delay line filters in which the usual unit
delay z−1 is replaced by a transfer function G(z). For
gamma filters a first-order autoregressive operator

G(z) =
µ

z − (1− µ)

is used where µ is a memory depth parameter. The re-
sulting gamma synapse is shown in Figure 1. It is easy
to verify that for µ = 1 operator G(z) = z−1 and the
synapse is equivalent to a fir filter. Memory depth can
be adapted independently for each synapse, allowing
the network to use input information on varying time
scales and reducing the number of parameters required
for long term memory. Our formulation allows ignor-
ing unnecessary time lags which can lead to a further
reduction in the number of model parameters.
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Figure 1: A third-order gamma filter.

An output of a gamma synapse can be expressed in
the following recursive formulation

yji(t) =
∑
l∈maji

ajilzjil(t) (1)

where zjil(t) is a value at lag l. When l = 0 we obtain
that zji0(t) = zi(t) and when l > 0

zjil(t) = (1− µji)zjil(t− 1) + µjizji,l−1(t− 1).

Gamma synapse combines attractive stability prop-
erties of a fir synapse with some of the general power
of an iir filter [2]. As in an iir filter the effective depth
of the memory is uncoupled from the number of time
lags, yet the stability conditions are trivial (0 < µ < 2)
and the error surface is quadratic in the function of
parameters ajil. The error surface is potentially non-
convex in the function of parameter µji but practice
shows that it usually poses no problems [2].

An architecture which employs a separate gamma
filter for each input to create a set of inputs for a reg-
ular mfnn network is known as a focused gamma net-
work [3]. It has an advantage of simple, low cost train-
ing but was shown to be less powerful than a network
in which all synapses are gamma filters [4].

III. GRADIENT CALCULATION

Dynamic neural networks can approximate a wide
class of nonlinear dynamic mappings. Adaptive nu-
merical optimization (training) algorithms are used to
find the appropriate values of network parameters by
searching for a minimum on a multidimensional sur-
face of some error function. The values of the deriva-
tives of the error function with respect to each pa-
rameter (error gradient) are usually required in such
approaches.

In the batch (also known as “off-line”) approach the
criterion to minimize is the error E over all samples of
a time series (total error):

E
4=
∑
t

E(t)

where the instantaneous error E(t) is usually defined
as a sum of squares of all units’ output errors:

E(t) 4=
1
2

∑
i

[eoi (t)]
2.

The unit’s output error is defined as

eoi (t)
4=

{
di(t)− zi(t) if i is an output neuron,
0 otherwise.

The proposed algorithm follows the Temporal Back-
propagation method developed by Wan [1] for net-
works with fir filter synapses. The derived formulas
for the gradient of the total error are exact under the
assumption that model parameters remain constant
during the training epoch. This assumption is satis-
fied by the batch (off-line) training method which is
appropriate for most time series prediction tasks but
not for control problems or large data sets requiring
on-line adaptation.

Wan [1] proposed a new way of applying the chain
rule of derivation by considering derivatives of the to-
tal error with respect to units’ activations at different
moments of time. The derivative of the total error E
with respect to any parameter pji from synapse con-
necting neuron i to neuron j can be obtained as:

∂E

∂pji
=
∑
t

∂E

∂aj(t)
∂aj(t)
∂pji

=
∑
t

δj(t)
∂yji(t)
∂pji

where

δj(t)
4=

∂E

∂aj(t)
=

∂E

∂zj(t)
∂zj(t)
∂aj(t)

= ej(t)f ′j(aj(t)).

The quantity f ′j(aj(t)) is a derivative of the activation
function. The local error ei(t) is a generalization of
the training error at the output neurons to all neu-
rons. For output neurons this error is simply equal
to the output error eoi (t). For hidden neurons ei(t)
is obtained using the error backpropagation formula
introduced by Werbos [5]:

ei(t)
4=

∂E

∂zi(t)
=

∑
j∈outi

∑
t′

∂E

∂aj(t′)
∂aj(t′)
∂zi(t)

=
∑

j∈outi

∑
t′

δj(t′)hji(t, t′)
(2)

where

hji(t, t′) =
∂yji(t′)
∂zi(t)

is an impulse response of a synapse sji at time t and
indices t and t′ run over the duration of the whole
training set. The Equation (2) can be interpreted as
back-filtering of error terms through a reversed dy-
namic synapse. The result is a non-causal dependence
of ei(t) on terms δj(t′) for t′ > t. This problem can
be solved for finite hji (e.g., for a fir synapse) by de-
laying computation of ei(t) until all δj(t′) values are



known. For infinite impulse response synapses the ex-
act computation has to stretch up to the last input
sample.

For a gamma filter the impulse response is:

hji(t) =
∑
l∈maji

ajilβjil(t)

where βjil(t)
4= ∂zjil(t)

∂zi(0) is the impulse response at a
lag l. For l = 0 the output is obviously the same as
the synapse’s input, hence βji0(t) = δ(t) where δ(t) is
the unit impulse. When l > 0 the following recursive
formula can be used:

βjil(t) = (1− µji)βjil(t− 1) + µjiβji,l−1(t− 1).

The quantities ∂yji(t)
∂pji

are obtained by taking a
derivative of Equation (1). For weights ajil we get:

∂yji(t)
∂ajil

= zjil(t).

For memory depth parameters µji the derivatives are:

∂yji(t)
∂µji

=
∑

l∈lagsji

ajilαjil(t)

where

αjil(t)
4=
∂zjil(t)
∂µji

= (1− µji)αjil(t− 1) +

µjiαji,l−1(t− 1) + zji,l−1(t− 1)− zjil(t− 1)

if t > 0 and l > 0, and αjil(t) = 0 otherwise.
For synapses with an infinite impulse response the

cost of exact gradient calculation is proportional to the
number of samples in the time series which for long
data sets can lead to low computational efficiency. In
such a case one may employ an approximation which
we call Truncated Temporal Backpropagation ttbp(n)
for which the local error is calculated as

ei(t) =


eoi (t) if i is an output,∑
j∈outi

∑
t≤t′≤Tji

δj(t′)hji(t′ − t) otherwise.

This formula utilizes only a limited number Tji of
terms of the synapse’s impulse response hji(l) in the
process of backward error filtering and uses the fact
that the gamma filter is causal and time invariant.
Computational and space complexities for this method
can be balanced against the desired precision of the
gradient calculation. The number of used terms can
be specified independently for each synapse. As a spe-
cial case, ttbp(n) is reduced for n = 0 to the in-
stant cost/instant gradient approximation presented

by Lawrence et al. [4]. Only gradient in the hid-
den layer is influenced by this approximation. Output
layer gradient calculation does not depend on the back-
ward error propagation and therefore is always calcu-
lated exactly. During training, however, the inexact
parameter changes in hidden layer synapses influence
the output layer gradient indirectly through the for-
ward propagation step.

A similar algorithm limited to layered iir networks
with synapses having weights at all time lags was de-
veloped in [6].

IV. SIMULATIONS

A simple network with one input, two hidden neurons
and one output having four gamma synapses of a third
order was used for the task of prediction of Mackey-
Glass chaotic time series. This data set is a solution
of a delay-differential equation

ẋ(t) = −bx(t) +
ax(t−∆)

1 + x(t−∆)c

where ∆ = 30, a = 0.2, b = 0.1, c = 10, initial con-
ditions x(t) = 0.9 for 0 ≤ t ≤ ∆, and sampling rate
τ = 6. The training set consisted of the first 100 sam-
ples and the test set of the next 100 samples.

Parameter adaptation in simulations was performed
with a scaled conjugate gradient method which signifi-
cantly improves the speed and convergence of training
as compared to the usual steepest descent method.

The importance of including additional terms in the
gradient calculation is confirmed by Figure 2 which
shows the final training error averaged for five dif-
ferent initial conditions. The error becomes smaller
that is the training convergence is improving when the
number of used impulse terms is increased. Figure 3
shows that the weights for which the exact gradient is
zero and which hence are a fixed point of the training,
result in non-zero approximate gradient which means
that the exact solution can not be obtained when too
few terms are used.

On the other hand, these two figures show also that
it is possible to use only several impulse response terms
and still obtain good results. It is a consequence of the
fact that in most cases, only a finite part of synapse
responses is significantly different from zero. Impulse
responses of synapses of one of the networks trained
on the Mackey-Glass data are shown as an example in
Figure 4.

V. CONCLUSIONS

The algorithms presented herein can be used for a
wide variety of tasks involving dynamic neural net-
works. Exact gradient calculation allows for better
training convergence. Potentially more accurate pre-
dictions can also be obtained though the representa-
tional capabilities of the network remain unchanged.
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Figure 2: The averaged final training error in function
of the number of used impulse response terms.
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Figure 3: Norm of approximate gradient at a fixed
point of training with an exact gradient in function of
the number of used impulse response terms.
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Figure 4: Impulse responses of third order synapses in
a gamma network trained on the Mackey-Glass time
series.

For small problems and/or data sets the algorithm can
be used in its exact form without simplifications. For
larger data sets an approximate version of our algo-
rithm can be used to find an optimal balance between
algorithm’s speed and accuracy.

Future research directions include calculation of sec-
ond order derivatives in dynamic and locally recurrent
globally feedforward (lrgf) networks for model com-
plexity control and use of an output error equation
approach in time series prediction.
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