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Abstract

FIR neural networks are feedforward neural networks
with regular scalar synapses replaced by linear finite im-
pulse response filters. This paper introduces the Second
Order Temporal Backpropagation algorithm which enables
the exact calculation of the second order error derivatives
for a FIR neural network. This method is based on the er-
ror gradient calculation method first proposed by Wan and
referred to as Temporal Backpropagation. A reduced FIR
synapse model obtained by ignoring unnecessary time lags
is proposed to reduce the number of network parameters.

1. Introduction

Dynamic neural networks are feedforward neural net-
works with commonly used scalar synapses replaced by
linear filters. This provides them with the capability of
performing dynamic mappings which depend on past in-
put values, making them suitable for time series prediction,
nonlinear system identification, and signal processing ap-
plications. Their most popular type are Finite Impulse Re-
sponse (FIR) neural networks which are obtained by replac-
ing synapses with finite impulse response filters. Due to
their guaranteed stability characteristic and easy to mini-
mize error surface they have been used with great success
in many time series processing tasks. For example, the
Santa-Fe Institute Time Series Prediction Competition [1]
was won by aFIR neural network [2].

As of yet no algorithms for calculating the Hessian in
FIR networks have been published. In this paper the Second
Order Temporal Backpropagation algorithm which enables
the exact calculation of second order error derivatives for
a FIR neural network is introduced. The method is based
on error gradient calculation method developed by Wan [2]
referred to as Temporal Backpropagation.

A general network architecture and the notation used in

the paper are introduced in Section 2. In Section 3 the Tem-
poral Backpropagation algorithm is described as a precur-
sor to development of the Hessian calculation. Section 4
presents the new Second Order Temporal Backpropagation
algorithm. Conclusions and future work directions are dis-
cussed in Section 5.

2. Network Architecture

We use a general feedforward neural network (FNN) as
our network architecture. Neurons in such a network form
an oriented acyclic graph. The general network structure
is static (memoryless) since there are no global recursive
connections. As a result, neurons can be arranged so that
each neuron’s inputs originate only at the outputs of pre-
vious neurons. This generalizes a multilayer feedforward
neural network (MFNN) which has neurons arranged in lay-
ers with connections only between neurons in consecutive
layers [3].

Each neuron performs two calculations: first, it sums the
output valuesyji(t) of the incoming synapses to calculate
the activation value (“net” value)

aj(t) =
∑
i∈INj

yji(t). (1)

of a neuron.INj denotes a set of neurons connected to the
input of neuronj. Second, a nonlinear functionfj(·) is
applied toaj(t) yielding an output value:

zj(t) = fj(aj(t)).

Unit bias is realized by means of a “bias synapse” which
supplies a constant value to the summation node of a neu-
ron:

yji(t) = bji. (2)
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Figure 1. An example of a canonic realization
of a third order FIR synapse: a. regular (Pji =
{aji0, . . . , aji3}); b. reduced (Pji = {aji0, aji3}).

The Finite Impulse Response (FIR) synapse is aFIR lin-
ear filter described by the linear difference equation

yji(t) =
∑
l∈MAji

ajilzi(t− l) (3)

whereMA ji is a set of lags of moving average parameters
ajil. A well-known scalar synapse can be considered a spe-
cial case of aFIR synapse withMA ji = {0}.

The originalFIR synapse has weights for each time lag
from 0 up to its order (Figure1a). This leads to a large num-
ber of weights when many time lags are used to model the
dependence of the current output on events from the past
which is required in the case of low-pass frequency time
series. Networks with too many weights typically display
poor generalization capabilities unless additional complex-
ity control techniques like early stopping [2] or pruning are
used. We propose a modification of aFIR NN architecture
in which weights are at desired time lags only (Figure1b).
In this manner only important time lags are left in the archi-
tecture while unnecessary time lags are omitted. Such a re-
alization leads to methods for pruning unnecessary param-
eters in order to achieve better generalization performance.

AnotherNN structure commonly used for time series pre-
diction is a multilayer perceptron with time lagged inputs.
Its generalization produces a Time Delay Neural Network
(TDNN) in which both inputs and hidden layer outputs are
buffered several time steps and then input to following lay-
ers [4]. The FIR network is functionally equivalent to a
TDNN but facilitates comparison to other dynamic networks
and derivation of efficient training algorithms.

3. Temporal Backpropagation

Dynamic neural networks can approximate a wide class
of nonlinear dynamic mappings. Adaptive numerical opti-
mization (training) algorithms are used to find the appropri-
ate values of network parameters by searching for a mini-
mum on a multidimensional surface of some error function.

The values of the derivatives of the error function with re-
spect to each parameter (error gradient) are usually required
in such approaches.

In the batch (also known as “off-line”) approach the cri-
terion to minimize is the errorE over all samples of a time
series (total error):

E
4=
∑
t

E(t)

where the instantaneous errorE(t) is usually defined as a
sum of squares of all units’ output errors:

E(t) 4=
1
2

∑
i

[eoi (t)]
2.

The unit’s output error is defined as

eoi (t)
4=

{
di(t)− zi(t) if i is an output neuron,

0 otherwise.

The proposed algorithm follows the Temporal Backprop-
agation method developed by Wan [2] for networks withFIR

filter synapses. The derived formulas for the gradient of the
total error are exact under the assumption that model param-
eters remain constant during the training epoch. This as-
sumption is satisfied by the batch (off-line) training method
which is appropriate for most time series prediction tasks
but not for control problems or large data sets requiring on-
line adaptation.

Wan [2] proposed a new way of applying the chain rule
of derivation by considering derivatives of the total error
with respect to units’ activations at different moments of
time. The derivative of the total errorE with respect to any
parameterpji from synapse connecting neuroni to neuron
j can be obtained as:

∂E

∂pji
=
∑
t

∂E

∂aj(t)
∂aj(t)
∂pji

=
∑
t

δj(t)
∂yji(t)
∂pji

where

δj(t)
4=

∂E

∂aj(t)
=

∂E

∂zj(t)
∂zj(t)
∂aj(t)

= ej(t)f ′j(aj(t)).

The quantityf ′j(aj(t)) is a derivative of the activation func-
tion. The local errorei(t) is a generalization of the training
error at the output neurons to all neurons. For output neu-
rons this error is simply equal to the output erroreoi (t). For
hidden neuronsei(t) is obtained using generalization of the
error backpropagation formula introduced by Werbos [5]:

ei(t)
4=

∂E

∂zi(t)
=
∑
j∈OUTi

∑
t′

∂E

∂aj(t′)
∂aj(t′)
∂zi(t)

=
∑
j∈OUTi

∑
l∈MAji

δj(t+ l)ajil



Summarizing:

ei(t) =


eoi (t) if i is an output,∑
j∈OUTi

∑
l∈MAji

δj(t+ l)ajil otherwise.

(4)

Equation (4) can be interpreted as a back-filtering of error
terms through dynamic synapses in the backward direction.
The result is a noncausal dependence forei(t) on terms
δj(t′) for t′ > t. This problem can be resolved by delaying
computation ofei(t) until all δj(t′) are known. The quantity
∂yji(t)
∂pji

depends on the synapse type. For a constant synapse
from Equation (2) we obtain:

∂yji(t)
∂bji

=
∂bji
∂bji

= 1 (5)

and for aFIR synapse from Equation (3):

∂yji(t)
∂ajil

=
∂

∂ajil

∑
l∈MAji

ajilzi(t− l) = zi(t− l). (6)

4. Second Order Temporal Backpropagation

A Hessian matrix is formed by the second derivatives
∂2E

∂pji∂pj′i′
of an error function with respect to parameters in

synapsesji andsj′i′ . The first order derivatives (gradient)
allow only for a local approximation of the error function
surface in the form of a hyperplane in a|P |-dimensional
parameter space where|P | is the number of the network’s
parameters. When the Hessian matrix is employed, more
accurate quadratic modeling becomes possible.

The first algorithm for an exact Hessian calculation in
multilayer feedforward networks was published by Bishop
[6] and later extended by the same author to general feed-
forward networks in [7]. A similar method was presented in
a survey paper by Buntine and Weigend [8]. Pich́e [9] pre-
sented a Hessian algorithm for general recurrent networks.

The following algorithm is based on both Bishop’s
method and the Temporal Backpropagation which uses the
Wan’s chain rule twice: first for the partial derivative ofE
with respect topji and secondly while substituting the for-
mula for the error gradient∂E∂pj′i′

derived in Section3.:

∂2E

∂pji∂pj′i′
=
∑
t

∂aj(t)
∂pji

∂

∂aj(t)

(
∂E

∂pj′i′

)

=
∑
t

∂yji(t)
∂pji

∂

∂aj(t)

(∑
t′

∂yj′i′(t′)
∂pj′i′

δj′(t′)

)

=
∑
t, t′

∂yji(t)
∂pji

(
∂2yj′i′(t′)
∂aj(t)∂pj′i′

δj′(t′) +
∂δj′(t′)
∂aj(t)

∂yj′i′(t′)
∂pj′i′

)

Here we note that this derivation is valid only when the
synapsesji does not occur on any forward propagation path
connecting unitj′ to the outputs of the network, that is,
∂E
∂pj′i′

cannot be a function ofpji. This condition is equiv-

alent in a feedforward network to specifying thatj′ ≥ i.
It does not limit the generality of this algorithm since the
Hessian matrix is symmetric and thus its elements for which
this condition does not hold are obtained by calculating the
equivalent diagonally opposite elements.

The quantities∂yji(t)∂pji
have already been presented for

different synapse types in the previous section. The second
order error terms can be found as

∂δi(t′)
∂ak(t)

=
∂ [f ′(ai(t′))ei(t′)]

∂ak(t)

=
∂f ′(ai(t′))
∂ak(t)

ei(t′) + f ′(ai(t′))
∂ei(t′)
∂ak(t)

According to the Equation (4) the only source of error for
output units is the teacher erroreoi (t

′):

∂δi(t′)
∂ak(t)

=
∂f ′(ai(t′))
∂ak(t)

eoi (t
′) + f ′(ai(t′))

∂eoi (t
′)

∂ak(t)

= f ′′(ai(t′))
∂ai(t′)
∂ak(t)

eoi (t
′) + [f ′(ai(t′))]2

∂ai(t′)
∂ak(t)

=
∂ai(t′)
∂ak(t)

[
f ′′(ai(t′))eoi (t

′) + [f ′(ai(t′))]2
]

For hidden units the local error is calculated by tempo-
ral backpropagation according to Equation (4). Taking a
derivative of theδi terms results in a second-order back-
propagation:

∂δi(t′)
∂ak(t)

=
∂f ′(ai(t′))
∂ak(t)

eoi (t
′)

+ f ′(ai(t′))
∂

∂ak(t)

∑
j∈OUTi

∑
l∈MAji

δj(t+ l)ajil

= f ′′(ai(t′))
∂ai(t′)
∂ak(t)

ei(t′)

+ f ′(ai(t′))
∑
j∈OUTi

∑
l∈MAji

∂δj(t+ l)
∂ak(t)

ajil

(7)

The ∂δj(t
′)

∂ak(t) term occuring in the second sum is calculated
by repeated application of the above formula.

The derivative∂ak(t′)
∂aj(t)

can be interpreted as a generalized
nonlinear “impulse response” between the nodesj andk.
For t′ = t andk = j, ∂ak(t′)

∂aj(t)
= 1. Under the assumption

that all synapses are causal and the network is ordered we
obtain that∂ak(t′)

∂aj(t)
= 0 whent′ < t or j > k (unit j fol-

lows unitk in feedforward ordering). In the remaining cases



(t′ ≥ t andj < k) a differentiated feedforward propagation
(Equation (1)) can be used:

∂ak(t′)
∂aj(t)

=
∑
r∈INk

∂ykr(t′)
∂aj(t)

where

∂ykr(t′)
∂aj(t)

=
∑

t≤t′′≤t′

∂ak(t′)
∂ar(t′′)

∂ar(t′′)
∂aj(t)

=
∑

t≤t′′≤t′

∂ak(t′)
∂zr(t′′)

∂zr(t′′)
∂ar(t′′)

∂ar(t′′)
∂aj(t)

=
∑

l∈MAkr

akrlf
′(ar(t′ − l))

∂ar(t′ − l)
∂aj(t)

(8)

The above three cases can be summarized as:

∂ak(t′)
∂aj(t)

=


∑
r∈INk

∂ykr(t′)
∂aj(t)

if k > j andt ≥ t′

1 if k = j andt = t′

0 otherwise

(9)

The ∂ar(t′−l)
∂aj(t)

term in Equation (8) is obtained by recursive
application of Formula (9). The neural network processing
unit nonlinearitiesfi(·) make the above formula time vari-
ant because of the dependency on valuesar(t′) which set
the “working point” of these nonlinearities.

The formulas for synapse-specific local derivatives
∂2yj′i′ (t

′)

∂aj(t)∂pj′i′
are derived below. For a constant synapse from

Equation (5):

∂2yj′i′(t′)
∂aj(t)∂wj′i′

=
∂1

∂aj(t)
= 0

while for aFIR Synapse from Equation (6):

∂2yj′i′(t′)
∂aj(t)∂aj′i′l′

=
∂zi′(t′ − l′)
∂aj(t)

= f ′(ai′(t′ − l′))
∂ai′(t′ − l′)
∂aj′(t)

5. Conclusions

Th Hessian matrix can be used for a number of pur-
poses including second order optimization methods, post-
training pruning using, e.g., the Optimal Brain Surgeon al-
gorithm [10], and post-training analysis, e.g., determination
of the effective number of parameters. The algorithm pre-
sented above makes these tools accessible for a new class of
neural networks.

Computational complexity can be reduced by limiting
the number of time lags considered during backpropagation

of the error terms in the Equations (4) and (7). This way
one can determine a trade-off between the desired accuracy
and computational cost.

The authors plan to extend the presented algorithm to dy-
namic neural networks containing synapses of other types,
e.g., IIR, lattice, and gamma linear filters. As a further ap-
plication we intend to apply the method to the reduction of
the number of network parameters.
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